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LETTER TO THE EDITOR

Finite time scaling of energy in simulated annealing

Shigeru Shinomoto and Yoshiyuki Kabashima
Department of Physics, Kyoto University, Kyoto 606, Japan

Received 6 November 1990

Abstract. The energy of a local minimum obtained by the simulated annealing generally
depends on a time + in which a complex system has been immersed in a heat bath. How
the resultant energy E(7) scales with a time 7 is an interesting question, The diffusion
process of a point in a wiggly parabola is analysed to discuss the scaling. The model is
exactly solvable and the energy is found to scale as E(7)=£+c(In r)~'. This scaling is
considered rather common to general complex systems. However, the limit ¢ obtained
from practical data is not necessarily the ground state energy of a system.

Simulated annealing is a physical analogy for heuristics to obtain approximate solutions
for combinatorial optimization problems (Kirkpatrick et al 1983, Cerny 1985). The
point is to find a fairly low energy state of the imaginary physical system whose energy
is the cost function of an optimization problem. In order to obtain a sufficiently low
energy state of a physical system, one generally has to anneal the system very slowly.
The complex physical system has a tremendous number of local minima and there is
no general scheme which enables us to find the ground state in a finite time. Furthermore,
the level of the ground state is generally not known in advance, and one does not
know the residual energy of the resultant state left for the ground state.

In order to get an estimate of the residual energy, Grest et al (1986) proposed an
empirical law for how the resultant energy E depends on a time 7 spent in annealing,
Their proposal is twofold: E{r)= Ey+¢(ln 7)”"' for the problems NP, and E(r)=
Eo+¢'27" for P. Their numerical data are not enough, however, 10 ensure the law,
This gave rise to a theoretical issue by Huse and Fisher (1986). They first discussed
the annealing process of a two-level system. The average energy of a two-level system
scales as 77°, whose exponent & proportionally depends on the energy difference of
the two minima. For a system composed of the independent two-level systems, they
got the scaling E(7)=c(In 7)~° by integrating the individual energy +~° over various
energy differences & By taking into account the small scale low energy excitations in
a general physical system, they concluded that the scaling should be of the form
E(7) = E,+ c(In 7)~¢, with its exponent { < 2. The exponents 2 and { above are obtained
under the assumption that the distribution of excited state energies of individual
two-level systems does not depend on the energy. The exponents are, however, sensitive
to the distribution of excited state energies, and thus the upper bound of ¢ is not so clear,

We wish to discuss the exponent { from another point of view. We found a solvabie
model whose energy turned out to scale E{r)=c(In 7)~', The exponent 1 here does
not depend on the dimensionality of the model system, nor on the details of the rough
shape of the energy surface. Thus the exponent 1 appears rather common to various
complex systems. However, in the case that there is a singular cusp in the global shape
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of the energy surface, we have not succeeded in specifying the exponent and the
problem is thus still open in this respect.

The system corresponding to a complex optimization problem generally has an
exponential number of local minima. In order to describe the circumstance in which
a global minimum is hidden among a tremendous number of local minima, we first
discuss the random walk of a point in the energy landscape depicted in figure 1. The
system has two scales: each local minimum is surrounded by energy barriers of O(B),
and they are distributed over a larger basin E = x*/2 for ‘macroscopic’ distance x. Let
us assume that the local minima are arranged at regular intervals of distance a, and
the macroscopic position of the ith local minimum is x = ai. The master equation
describing the hopping between neighbouring local minima is given by

d})l/dt= C_B/TP,'+1+e_(B+Ai'l)/TPi,' _(e—B/T+e—(B+AJ),’T)Pi (1)

where T is the temperature and A; denotes the energy difference between adjacent
local minima, A; = a*((i+1)*—i*}/2. We are able to derive from (1) the Fokker-Planck
equation for the coarse-grained distribution function of the macroscopic distance x:

aP/at = y(T)a(xP)/ ox+ D(T)&* P/ax? )

where both the coefficient ¥ and D should be functions of the temperature T, of the
form y=a*T'e ®7 and D= Ty. In order to obtain (2) from (1), we have assumed
that a°/ T « 1. The approximation is not valid until zero temperature but it holds until
T ~+a, in which a can be taken sufficiently small.
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Figure 1. Characteristic shape of the energy landscape of current interest,

Let us consider the annealing process of an ensemble of the systems whose average
energy is initially high. We wish to establish how the average energy, y(#) =(E)})=
_[dxxz/ZP(x, t), relaxes with a time spent in annealing. The evolution equation for
the average energy is

dy/dt==2y(T)y+D(T) . (3)

where the temperature T is then a function of time ¢ If the average residual energy y
is known, we are able to obtain an optimal annealing schedule by choosing T(t) so
as to keep minimizing the rRHs of (3). In this optimal schedule, the residual energy y
obeys the equation,

dy/di=-ye™"” (4)

where we have rescaled the time ¢ - 2t/ Be and the energy y - 2y/ B, respectively. In
the case where y is sufficiently small compared with unity, the rHs of (4) satisfies the
inequalities,

(2+&)/(1+€}

-y exp(-y~""") <

—yexp(=y")<—y*exp(-y~") (5)
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where € is of the order of y. By integrating these two bounds for the phase flow, the
solution of {4} is found to satisfy the inequalities,

(In7) ' <y(r)<(ln7)™! (6)
where ¢ is of the order of y. Thus in the original units, the energy scales as

2(r)=(E)7)~B/In~ . (1)
in the asymptotic limit. The optimal annealing schedule is then

T(t)~B/In ¢ 8

Geman and Geman (1984) obtained the general bounds of temperature schedules in
which one can eventually get the ground state with probability nnity in the limit, 7 c0.
Equation (8) is in accordance with the lower bound for this.

The asymptotic form of the residual energy, equation (7) is, however, not sensitive
to the details of a temperature schedule, T{¢). For most temperature schedules in
which the temperature is smoothly lowered from T = B to T =0, one gets the same
asymptotic form, equation (7).

In addition the qualitative aspect of the result is also not sensitive to the dimensional-
ity of the system. The high-dimensional system can be decomposed into independent
systems of the form of (2) and the total energy is the sum of the individual energies.
Thus the change of dimensionality induces a simple modification of the factor of the
result- On the other hand, the change of dimensionality induces drastic change in the
‘density of states’. The invariance of the power, —1, for In = against the change of the
distribution is thus rather remarkable and should be contrasted with the result of Huse
and Fisher, which can be sensitive to the distribution of the excited state energies of
two-level systems.

The scaling behaviour of the residual energy, (7), appears rather general with
respect to the dimensionality. However, we have restricted consideration to the quad-
ratic global potential. In order to consider the dependence of the scaling behaviour
on the shape of the potential surface, we discuss here non-quadratic systems. Consider
a one-dimensional system E = x%/a, x = 0. In general cases, o # 2, we cannot obtain
the closed form, such as (3), for the average energy, y = [y dxx°/aP(x, 1), but

a~ dix*Y/dt = —29(x>""+(a — 1) D{(x*72). (9)

This equation (9) is obtained via partial integration, and is valid for a > 1. If the
distribution function is sufficiently compact, equation (9) can be read as

dy/dt=—-2y(ay) ¥+ D(a—1)}{ay)' ", (10)
At this stage, the optimal temperature schedule can be obtained, giving
dy/dt=—y>" ¥ e7V¥ (11)

where we have rescaled the time and the energy. Solutions of this equation can also
be bounded by the inequalities (6}, which give the same asymptotic form, y~1/In 7,
The scaling (7) thus holds even in the non-quadratic potential, £ =x" /e, as far as
there is no cusp, or a > 1. The energy scaling in the case where the global potential
has a cusp is still open here, as equation (9) is not valid for 0<a =<1.

We have analysed a few model systems, which turned out to exhibit the same
scaling behaviour. However, we have assumed here some kind of continuity in the
global structure of the wiggly surface, and have not succeeded in analysing the case
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in which singular structures are present in the global shape. There is no general scheme
to classify wiggly surfaces into ‘continuous’ and ‘singular’ ones. However, some kind
of continuity would be expected if the cost function is expressed by a low-order
polynomial of elements. Bernasconi (1987) showed a pathological case in which a
systemn has ‘golf-hole-like’ structure. The system consists of four-body interaction terms.
Even in such a case, the system exhibits the same scaling behaviour, E(t)=¢+¢/ln 7,
for an intermediate time scale r which is already suﬂiciently long for practical numerical
simulation. We cannot conclude that the limit £ is the ground state energy, The limit
¢ can be some ‘global’ minimum over the restricted region where the singular parts
are excluded.

In addition to this, we must keep in mind that there should be model systems in
which we cannot assume continuity in any sense. A white noise potential configuration
proposed by Strenski and Kirkpatrick (1990) in another context exemplifies the circum-

stance whara the enerev scaline is ye ot tn he clarified,
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and Joachim Buhmann, when one of us (58} joined the Aspen workshop.
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